INTRODUCTION
The motion of droplets induced by wettability gradients involves complex multiscale physics. Several authors have worked on understanding the behavior of droplets on such heterogeneous wettability surfaces. Assuming that the surface energy depends on spatial coordinates, i.e., nonuniform contact angle, the liquid droplet moves from hydrophobic (high energy surface) to hydrophilic (low energy surface) parts and the droplet spreads along the surface. This flow, widely described in the literature (Brochard, 1989; Chandesris et al., 2013; Chaudhury and Whitesides, 1992; Daniel and Chaudhury, 2002; Daniel et al., 2001; de Gennes et al., 2005; de Gennes, 1985; Ito et al., 2007; Yu et al., 2006; Zhang and Han, 2007) , appears to have been identified by Greenspan (1978) and demonstrated experimentally by Chaudhury and Whitesides (1992) . The theoretical description is given by Greenspan (1978) and Brochard (1989) . Greenspan (1978) related the contact line velocity to the difference between dynamic and equilibrium contact angles considering a proportionality constant. Brochard (1989) took into consideration two flow patterns, the first induced by a wettability gradient and the second induced by a thermal gradient. Both patterns were studied for 2D ridges and 3D drops. The author implied that a horizontal thermal gradient on the surface also induces a motion of the liquid. Brochard established an expression of the viscous force based on a lubrication approximation and a Poiseuille-type velocity profile in the drop. Subsequently, Subramanian et al. (2005) found a hydrodynamic resistance force using a wedge approximation and an alternative analytical solution based on lubrication theory but taking into account the exact shape of the drop. Chaudhury and Whitesides (1992) induced upward motion of liquid water droplets on tilted surfaces with a wettability gradient. The gradient was created by a diffusion-controlled process depositing decyltrichlorosilane along the surface, adapted from the technique of Elwing et al. (1987) . The authors observed drops of liquid water, 1-2 µL in volume, moving at a velocity of 1-2 mm/s on an inclined surface. They reported that such motion is only possible if the contact angle hysteresis is less than 10
• . Afterwards, Daniel et al. (2001) investigated water condensation on surfaces on which the same wettability gradient was present. The authors observed velocities two to three orders of magnitude higher (0.15-1.5 m/s) for comparable sizes of water drops. They suggest that coalescence is the cause of such an increase in the velocity of the motion. Subsequently, Moumen et al. (2006) compared results from an experiment performed on the motion of different sized drops of tetraethylene glycol in three different wettability gradients (weak, intermediate, and sharp gradients), with predictions from a theoretical model. They showed that a model in which the driving force is reduced to accommodate the hysteresis effect inferred from the experimental data allows one to remove most of the discrepancy between the observed and predicted trajectories of the droplet. The authors suggest a simple hydrodynamic model in which inertial effects and deformation due to gravity as well as motion are neglected. Moumen et al. (2006) propose a method for accommodating the reduction in driving force caused by the hysteresis effect using a critical drop size, a notion firstly evoked by Daniel and Chaudhury (2002) . The main purpose of their accommodating method was to reduce the cosine of the contact angle around the periphery of the drop sufficiently to produce a zero driving force for a drop of critical size.
In this paper, we recall a formulation that explicitly incorporates the contact angle hysteresis term (Mancio Reis et al., 2015) and we propose a complete analysis on the effect of the hysteresis on a single droplet dynamics. The motion of the droplet on a wettability gradient is directly induced by an imbalance of surface tension forces acting on the contact line region. Nevertheless, setting of the droplet in motion is strongly dependent on the contact angle hysteresis, which pins the triple line, preventing it from moving. Some authors describe this obstacle as an energy barrier that has to be overcome in order for the drop to start moving (Tadmor, 2004 (Tadmor, , 2008 Tadmor and Yadav, 2008) . This hysteresis is the result of chemical heterogeneities and/or roughness of the surface. Therefore, it must be considered as a phenomenon involved in the condition of motion onset, as well as throughout all the movement. The hydrodynamic formulation previously developed in Mancio Reis et al. (2015) aims to describe the flow of a drop on any gradient surface with contact angle hysteresis. First, the model is used to quantify the hysteresis and its heterogeneity based on experimental data of Moumen et al. (2006) . It is then used to analyze the effect of the contact angle hysteresis on droplet behavior.
DYNAMIC MODEL
A drop placed on a surface with wettability gradient is subjected to two primary forces. The first is the driving force (F θ ) generated by the surface energy gradient and the second is the viscous force (F µ ) which opposes the motion of the droplet and depends on the velocity. A gravitational force can exist if the drop is placed on an inclined plane (at an angle α with respect to the horizontal). The momentum balance on the x axis, tangent to the wall (axis of the droplet trajectory), is simply
where the x G is the center of mass of the droplet. The main aim of the model presented in this paper is to determine the way the dynamic contact angle, the radius of the drop footprint, and its velocity all change with time. The first assumption of the model is that the droplet has a spherical cap shape throughout its movement. Such a hypothesis may be made for drop volumes below the microliter as verified experimentally by several authors (Moumen et al., 2006) . The dynamic contact angle is then the same at all points on the triple line for a given position of the droplet on the surface. Although this hypothesis may appear inconsistent, experiments have shown that the drop retains its spherical cap shape throughout the movement. It is also assumed that the drop volume remains unchanged and that the interface instantly finds its most stable form. As indicated in the previous section, one major concern in the modeling of droplet motion is the contact angle hysteresis, which may drastically decrease the expected driving force. So, in the following, some considerations on contact angle hysteresis are first presented. Then, the modeling of the driving force and of the viscous force are detailed, and a closure law derived from the hypothesis of stability is established. Afterwards, a complete study with the data of Moumen et al. (2006) is presented.
Contact Angle Hysteresis Considerations
The contact angle hysteresis is defined as the difference between the advancing θ a and receding θ r contact angles. Contact angle hysteresis has been and probably remains one of the major problems faced by investigators of physical interface for several decades. Indeed, Young defined a unique equilibrium contact angle (Young, 1805) , assuming a perfectly smooth and homogeneous surface. However, real surfaces might be rough and contain chemical inhomogeneities; i.e., adsorption, desorption, or even some redox reactions between the three phases can occur. Thereby, in practice there is no unique equilibrium contact angle but a range of static angles between advancing θ a and receding θ r . This static contact angle range, easily observable when a droplet is placed on an inclined plate, shows that there is a resistance force on the contact line capable of retaining the droplet. When a drop moves on a homogeneous inclined surface, the dynamic contact angle at the front of the droplet is necessarily higher than or equal to the advancing contact angle while at the rear the angle is smaller than or equal to the receding contact angle. On a homogeneous surface, this situation is possible due to the deformation of the liquid-vapor interface. The droplet deforming, the angle at the front would reach θ a while at the rear, it would reach θ r , allowing the droplet to slip:
Nevertheless, when the droplet is very small, the deformation of the liquid-vapor interface is negligible; it remains in a spherical cap shape (θ rear = θ f ront = θ). When the footprint radius is smaller than the capillary length (R << L c ) and the forces' variations around the triple line are lower than the cohesion forces, the inequalities (2) are inconsistent (θ f ront > θ rear ). In other words, small droplets do not move on inclined surfaces with contact angle hysteresis whatever the inclination. Adding a wettability gradient might break this resistance barrier of the contact angle hysteresis. Indeed, in that case it becomes possible to obtain a constant contact angle along the periphery of the droplet, while simultaneously satisfying relation (2) because the receding contact angle can be higher than the advancing contact angle; then
In other words, when a small droplet has a spherical cap shape on a wettability gradient surface, it means that this droplet with a homogeneous contact angle is in reality deformed compared to the shape it should have with respect to the Young approach, and so it is out of static mechanical equilibrium. Figure 1 shows the profiles of the advancing and receding contact angles on a surface with a wettability gradient and the three ways to create the motion driven by surface tension with contact angle hysteresis, i.e., to obtain a configuration where relation (3) is satisfied:
• the first is simply to reduce contact angle hysteresis [ Fig. 1(a) ],
• the second consists of increasing the footprint radius until it reaches a critical value enabling drop motion [ Fig. 1(b) ],
• the last manner in which to overcome the contact angle hysteresis effects is to create a stronger wettability gradient [ Fig. 1(c) ].
Driving Force
Several models of the driving force due to a gradient of the static contact angle are available in the literature (Brochard, 1989; Chaudhury and Whitesides, 1992; Daniel and Chaudhury, 2002; Daniel et al., 2001; de Gennes et al., 2005; de Gennes, 1985) . As previously mentioned for small volume droplets the contact angle is the same around the whole periphery of the droplet for a given position. Therefore, the droplet is deformed compared to the shape it should have at static equilibrium. Because the real contact angle is not equal to the static contact angle at each point of the contact line, the Young forces are uncompensated. The total surface tension force can then be expressed as (Brochard, 1989 )
where x = x G + R(x G , t) cos φ is the abscissa of the triple line and x G is the abscissa of the center of mass of the droplet, γ lv is the liquid-vapor surface tension, θ s is the static contact angle, θ is the real contact angle, φ is the azimuthal angle, and R(x G , t) is the footprint radius of the drop at the position of the center of mass x G : It should be noted that the hypothesis of a spherical cap shape implies that the cohesion force of the liquidvapor interface is much higher than the driving force F θ . This cohesion is described by the Laplace-Young pressure difference at the liquid-vapor interface. Therefore, the model is valid if the droplet satisfies the following condition (Mancio Reis et al., 2015) :
This criterion of validity of the model presented in this paper will be discussed below. As mentioned above, the main purpose of this work is to analyze the effect of contact angle hysteresis on the motion of a liquid droplet on a wettability gradient surface. We recall here the outlines of the model developed previously (Mancio Reis et al., 2015) .
First, let us consider a liquid droplet placed on an inclined plate. It only moves if relation (2) is valid. To calculate the driving force [Eq. (4)], the local real contact angle has to be known around the whole periphery of the droplet. Indeed, at the limit where the droplet is static, the contact angle varies continuously from the advancing contact angle at the front of the droplet to the receding contact angle at the rear. For instance, ElSherbini and Jacobi (2006) established a cosine of the contact angle variation with the azimuthal angle that is a third-order polynomial. A drop on a wettability gradient is subjected to the same constraints vis-à-vis the hysteresis effect and so an analogical approach may be developed. In the present case, the droplet is small; the cosine of the equilibrium contact angle variation with the longitudinal location can thus be considered linear as shown in Fig. 2 with a(x G , t) the variation of the contact angle along the droplet:
FIG. 2:
Consideration of a linear cosine between the advancing and receding contact angle.
Because the real contact angle remains the same at all points on the periphery of the droplet, its cosine integration is zero. Then, the Eq. (4) takes the following form:
The above Eq. (8) shows the contribution of half of the drop at the front and the contribution of the other half at the rear. Actually, when the ridge is moving, the contact angle at the front is considered to be the advancing contact angle and likewise at the rear the receding contact angle. Ultimately, it turns out that the contact line is pinned by the hysteresis effect which means that the resultant driving force integrated along the periphery of the drop is attenuated by the hysteresis effect and the relation (8) shows the link between the driving force and the contact angle hysteresis (also noted CAH) assuming that
Viscous Force
The drop in motion is subjected to a wall shear stress that generates a viscous force directly related to the droplet velocity. Brochard (1989) and Subramanian et al. (2005) , among others, developed two viscous force models of droplets moving on a surface. They both considered the lubrication approximation and a Poiseuille-type velocity profile in the drop. The main difference between the models is that Subramanian et al. added a geometrical relation between the radius, the dynamic contact angle, and the thickness. Integrating the wall shear stress over the entire drop they obtained
with
In order to avoid singularity in the stress, the authors truncated the domain at a small distance R from the contact line. The dimensionless parameter represents the ratio of the length of the slip region in which the no-slip condition is expected to break down to the radius of the footprint of the droplet.
RESULTS AND DISCUSSION
In this section, we present the results obtained by the dynamic model described above with hysteresis effect. The experimental results are taken from Moumen et al. (2006) , who conducted extensive experimental work, giving temporal evolution of the position of the center of mass of the drop, unlike other experimental studies that estimate only an order of magnitude of the droplet velocity. The goal of this paper is to present another dynamic model that explicitly takes into account the effect of contact angle hysteresis. Moumen et al. (2006) prepared three different wettability gradient intensities labeled weak, intermediate and sharp. To each gradient corresponds a plot of the cosine of the equilibrium contact angle against position along the gradient surface. For convenience in calculating the theoretical forces involved, the authors fitted the data to a sigmoidal, logistic, four-parameter function (Fig. 3) . The trajectories presented in the following concern the so-called intermediate gradient and the length slip chosen is L s = 0.5 × 10 −9 m. A sensitive study of this parameter will be presented afterwards. In all the experiments the working fluid was the tetraethylene glycol. In the first part of this section, model results are shown for different drop volumes and different gradients. Subsequently, the model's sensitivity to different parameters and to contact angle hysteresis itself was analyzed.
Dominant Effects in Moumen's Experiments
On the basis of the hypothesis of the model, we must estimate a Reynolds number, defined by Re = U (x G , t)R(x G , t) /ν, where ν is the kinematic viscosity of tetraethylene glycol at room temperature, which is 4.54 × 10 −5 m 2 /s, and the capillary number Ca = µU (x G , t)/γ where µ stands for the dynamic viscosity at room temperature µ = 5.11 × 10
−2
Pa.s, and γ is the liquid-vapor surface tension γ = 46 mN/m. Likewise, the Bond number Bo = ρgR(x G , t) 2 /γ, where ρ = 1.13 × 10 3 kg/m 3 is the density of the liquid tetraethylene glycol at room temperature and g = 9.81 m 2 /s is the gravitational constant, was also calculated. The Bond number allows us to determine, at each position, if the driving force is higher than gravitational force; i.e., the drop keeps the spherical cap shape (see Fig. 4 ).
The Reynolds number increased from 7.5 × 10 −3 to 15.3 × 10 −3 and then decreased to 2.27 × 10 −3 , which corresponds to a Stokes flow. The inertia term was negligible, and the surface tension force was compensated by viscous force. The capillary number was low; it varied from 5 × 10 −4 to 1.24 × 10 −4 and reached its maximum value 1.0 × 10 −3 at 3.1 mm, which indicates that the deformation due to flow was negligible. Finally, the Bond number increased from 0.137 to 0.303, which implies that the drop actually did keep its spherical cap shape.
CAH Profiles on Droplet Trajectories
The driving force of the present model with contact angle hysteresis was established using relation (8) taking into account condition (2) the contact angle hysteresis of their surface, we chose to determine it using an inverse method. We use a constrained least-squares optimization method in which the adjustable parameter is the contact angle hysteresis and the studied parameter is the velocity. Thus, a contact angle hysteresis function, called CAH(x), is found in order to accommodate the measured and predicted velocities. The hysteresis function depends on the space variable because the contact angle hysteresis might be different at each location of the surface.
In Fig. 5 , we plotted the measured and predicted velocities of several volumes of drops versus the position along the intermediate gradient of Moumen et al. We plotted droplets less than 1000 nL in volume because of the hypotheses of (i) a small enough droplet to ensure a spherical cap shape and (ii) the linear variation of the cosine between the advancing contact angle at the front and the receding contact angle at the rear. It is obvious that the changes in the local driving force are the reason for the spatial variation of the velocity. It is also seen that the velocities rise to a peak in the first few millimeters and then decrease slowly as the drop moves towards the more wettable surface of the gradient. Figure 5 also shows the different functions CAH(x) for all the nominal volumes of the drops plotted against the position. It is seen that the local value of contact angle hysteresis for all the volumes is between 3
• and 8
• . This contact angle hysteresis range is in agreement with the typical values of the contact angle hysteresis available in the literature. Indeed, Daniel and Chaudhury (2002) report some values of the contact angle hysteresis according to the process used to treat the surface. For a chemical treatment such as the one used by Moumen, the values reported are in the same range. The CAH(x) we obtain thus appears realistic. (weak, intermediate, and sharp) . Unlike the sharp gradient, where volumes 50, 150, and 500 nL are enough to induce a motion on the heterogeneous wettability surface, the gentle gradient needs greater volumes (500 and 1000 nL) for a similar trajectory. This has been discussed before, and concerns the three ways to overcome the CAH (Fig. 1) . Indeed a sharp gradient allows smaller drops to move because of the stronger slope but it is possible to induce the same motion with a weaker gradient using larger volumes. Regarding the hysteresis effect, a mean CAH of the surface between 4.42
• and 6.69
• independent of both gradient and drop volume is also shown. Thus, the model indicates a close mean value of CAH for all the droplet trajectories on all gradients.
Sensitivity to the Slip Length and Validity Criterion
As mentioned previously, the model takes into account a slip length R = L s , which is equivalent to the length at which the physical phenomena of the macroscale are no longer valid. In other words, it corresponds to the length of the region near the contact line in which a slip model must be used. Many authors give some values of this length (Brochard, 1989; de Gennes et al., 2005; de Gennes, 1985) . In our study we chose to evaluate the model on a range of L s to analyze the sensitivity of the model to this parameter. We note from Fig. 6 that slip length does not significantly change the range of CAH. Therefore, the model is not sensitive to this parameter. Thereafter, the validity criterion cited previously [Eq. (6)] was studied on the trajectory of a 500 nL volume droplet on the intermediate gradient. The variation of the driving force along the gradient explains the change in the drop velocity. As noted earlier, the inertia term is negligible and the driving force is balanced by the viscous dissipation. For the purpose of finding a validity criterion for our model, the cohesive force, defined earlier by relation (6), is compared to the driving force. This criterion is the ratio of the force due to the wettability gradient and the cohesive force that keeps the drop in the form of a spherical cap. This latter condition is obtained if the force related to the pressure difference at the liquid-vapor interface is greater than the driving force. Here the driving force is two orders of magnitude lower than the force generated by the Laplace-Young pressure difference at the liquid-vapor interface. Thus, according to experimental observations, it can be deduced that the drop retains the shape of a spherical cap for the entire displacement. From Eq. (6) it can be deduced that the sole means of having the same order of magnitude of the two forces would be, for the range of contact angle involved, when the drop is completely spread over the solid; i.e., the contact angle tends to zero. Figure 7 exhibits the influence of the CAH on a trajectory of a 500 nL droplet of tetraethylene glycol on the intermediate gradient reported by Moumen et al. (2006) . We have plotted the different trajectories that should be obtained considering constant CAH varying between 0 • and 14 • . A higher CAH does not allow the droplet of such volume to move. It can also be seen in this figure that for high CAH it would be necessary to place the droplet far inside the gradient in order to have the motion induced by the surface tension forces. As a result, it can be established that the lower the CAH, the higher the velocity of the droplet on the trajectory. Without hysteresis (instead of 6
CAH Effect on the Droplet Behavior
• ) the droplet of 500 nL on the intermediate gradient of Moumen should reach approximately twice its maximum velocity.
The behavior shown in Fig. 7 is the same whatever the gradient, but for drops with the same volume we found a slight difference in the maximum velocity achieved. Figure 7 also shows the maximum velocities for the three gradients against the CAH value. The sharper the gradient, the higher is the maximum velocity reached by the droplet for a given volume. Nevertheless, note that, for a given value of CAH, the maximum velocity is approximately the same for any wettability gradient. This indicates that the CAH is the most important parameter to take into account. 
CONCLUSION
A chemically inhomogeneous surface gives rise to the motion of a liquid drop in the direction of lower surface energy. When suitably chosen, the wettability gradient represents an interesting way to control microdroplet flow. The main aim of this paper was to investigate the motion of a drop on a wettability gradient with a given CAH. The model allows us to find the CAH based on the trajectory of the droplet placed on the wettability gradient. Then a range of CAH values is established independently of both the volume and the gradient for droplets with a volume lower than 1000 nL. The results demonstrate that the CAH has an extremely strong effect on the droplet motion characteristics, and that the heterogeneities of this CAH have to be taken into account to accurately reproduce the behavior obtained experimentally.
